Comparisons are also made w ith tw o viscosity measurem ents below 5° K , bu t the inferences from these are n ot at all in agreem ent w ith the evidence from th e equation o f state.
The helium potential and low -temperature phenomena
Several ways of representing the interatomic potential by an analytical function have been suggested at various times, and one which is particularly well known in connexion with helium is that having the form F(r) = be~ar -c'r~6.
(1)
Here the negative term has the form indicated theoretically for the leading term of the van der Waals energy, and the energy of the short-range repulsion is represented empirically by the exponential, r is the distance between nuclei. A modification of (1), which has further advantages and forms the basis of the present work, includes the second van der Waals term; thus A third expression which has often been used is V(r) = b'r-' -c ' r -6, * (3) where the exponent s is usually put equal to 12. This can be modified like (1) by the addition of another term. There is another and more useful way of writing these functions which is based upon the position and depth of the potential minimum. Suppose the m in im u m of F(r) occurs when r is equal to r0, and F(r0) is equal to -e. Then if r is expressed in units of r0, V(r) = -ef(<r),
in which <r = r/r0, and /(<r) is a function of <r which has the following forms for the potentials (1), (2) and (3) respectively:
/(cr) = { -6e-a(<r-1) + a<r-6}/(a -6), 
It will be convenient to refer to / as the 'form of the potential', and to the constants which occur in / as the 'form parameters'. By contrast the physical quantities r0 and e will be called the 'potential constants'. It will be seen that (la ) and (3a) both contain one form parameter, respectively a and s, whereas (2 a) contains two, viz. a and /?. The formulae show that a and s are alike in function, and they are also alike in magnitude; thus as mentioned already 5 is usually put equal to 12, and for most simple non polar molecules a certainly lies between 12*5 and 14. As for /?, there is evidence that for gases other than helium its value is fairly constant and close to 0*150, but for helium itself theoretical calculations suggest a larger value, even as large as 0*250. Some typical /(o ') functions are given in table 2, which will be discussed later. The separation of the interaction into a form function involving two parameters a and /?, and scale factors for energy (e) and nuclear separation (r0) is especially convenient for our purpose, which is to use the available experimental data about the virial coefficient and viscosity of helium gas at very low temperature-below 10° K-to obtain information about the helium-helium interaction. These low-temperature phenomena are not very sensitive to the form of the repulsive part of the interaction, and therefore to the value assumed for a. Neither need the value of /? be specified at all 8-2 accurately, as it can be regarded as introducing a second-order term in the van der Waals force. This means that the form function can be considered as fixed, to a sufficient degree of approximation, from values of a and ft derived from theory and experiment in previous investigations, and our efforts are then directed to the accurate determination of e and r0. In this way the factors in the interaction to which low-temperature phenomena are sensitive are separated out. If e and r0 can be determined from lowtemperature data, then observations at high temperatures can be used to fix a more precisely.
In this paper we are concerned only with the low-temperature part of this programme. For reasons which will be clearer later it is convenient to choose as the two independent constants to be determined, not e and r0, but erg and r0. Ideally, the procedure in detemiining these constants would be to calculate B{T) and tj{T) for a number of suitably chosen potentials, all of which have the same form, approximately correct, but differ in the values of erg and r0. Comparison with an adequate range of experimental results should then suffice to fix the best values of the constants. It would only be necessary, in fact, to make detailed calculations for potentials with an arbitrarily fixed value of r0, as results for other values of r0 can be derived by dimensional arguments.
Two modifications of this procedure were found to be necessary to meet difficulties introduced by scarcity of experimental data, and the amount of work involved in a very thorough investigation. First, although the lowtemperature data make it possible to pick out very precisely the value of erg for the potential giving the best agreement with experiment, it is much more difficult to assign close limits to the value of r0 itself. It is necessary to fall back on the van der Waals constant c, which satisfies the relation c /4 = erg/{l -6 / o -8/a)}.
As c is known within fairly close limits from theoretical and other investiga tions, it is possible to deduce r0 by means of (6) once erg is known. It may be noted in passing that c does depend somewhat on the form parameters a and ft) also that when a, ft are fixed, c/rg is simply proportional to erg. The second point is that, in order to reduce the quantity of numerical work required and to make as much use as possible of previous work, the potentials used do not exactly satisfy the condition of having the same form. The properties of the potentials chosen, six in number, are summarized in table 1. The potential denoted by S, which is the well-known SlaterKirkwood potential, has the same form as S', which was used in paper I and has a value of e 30 % greater than S. The three potentials are all of the form (2 a) beyond the point at which V(r) is zero, this point being the same as in S and S'; within the zero the contin to be the function S. Thus A , B , G have as S and S' (the trivial differences arise from the slight shift in the minimum due to the /? term), but differ in the values of e beyond the zero. /? has been fixed somewhat arbitrarily at 0-193; though smaller than some theoretical estimates, it probably represents a reasonable average value. This choice of potential greatly simplifies the numerical work, and as the departure from a consistent form occurs only in the repulsive region it is not likely that the conclusions from low-temperature calculations will be appreciably affected. Finally, the potential B M is the one derived by de Boer and Michels (1939 a) from gas data above 50° K; it is a potential of form (3a) with $ equal to 12. The potentials S', A , BM , S and C are depicted, as in the upper half of figure 1;
Bi s not shown, but it lies clo slightly above at distances beyond the minimum.
The low-temperature properties of gaseous helium 107 From table 1 it will be seen that these six potentials cover a wide range of values of er §, and are at intervals which make interpolation of results derived from them quite practicable, assuming that the small differences of form have a negligible influence. In order to show that these differences are indeed a factor of secondary importance it is helpful to introduce a set of potentials which all have the same form, but otherwise represent our chosen potentials as closely as possible over the range of most interest. This we do by defining a standard form /*(<r), and fitting each potential ef(<r) to one having this form by a suitable choice of e* to be associated with A simple criterion for e* which seems adequate is that the areas under the potentials e/(<r) and e*f*(cr) should be equal between suitable limits of <r, say 1-0 and 1*4, which include the most effective part of the attractive field. Then if r0 is the same for both potentials, they may be regarded as practically equivalent as far as the derivation of low-temperature properties is concerned. It will be shown later that this equivalence partially persists even when r0 is not the same for the two potentials, provided that a change of r0 for either potential is accompanied by a change of e or e* which keeps erg or e*rg invariant.
The result of introducing these ' equivalent potentials ' is that with each potential in table 1 is associated a value of e*rg, which may differ from the value of erg, and the magnitude of this difference shows how significant is the departure of the form of the potential from /*(cr), which provides the basis of comparison. Another way of looking at the matter is to say that, whereas the values of erg in the table constitute a satisfactory scale by which to compare the attractive part of the potentials if the differences in form between them can be neglected, the values of e*rg give, as it were, a modified scale which compensates for the variations in form.
It is convenient to take as the standard form/*(cr) that which is common to the potentials A , B and C, with a and /? equal to 13-54 and 0-193 respec tively. The other constants for the potentials equivalent to those we propose to use are given on the right of table 1, arid it will be seen that the differences between erg and e*rg are small compared with the variations among the potentials themselves. This shows that the differences in form are certainly secondary to the differences existing between the potential constants. Further evidence on this point will be given in the last section.
In addition to e*rg the van der Waals constant c* has been included in the table, this being derived using the relation, easily derived from (6), that c*/rg = e*rg/0-6358.
In calculating c* it has been assumed that in all cases r0 has the arbitrary value 2-943 A. It should be noted that the values of c or c' given in table 1, being the actual coefficients of r~6 regardless of the value of /?, are not strictly comparable and therefore not suitable for purposes of interpolation. The values of c*, however, based on constant values of /? and r0, can be used for interpolation, though we prefer to use e*rg, with precisely the same results.
An indication of the differences in form between the chosen potentials is given in table 2, which includes some numerical values offor the three forms (la ), (2a) It is interesting to find that between 1*0 and 0-7 the form (3 a) with <r~12 rises more steeply than either of those with an exponential. The difference might hardly show itself in low-temperature calculations, but if the poten tial constants were being derived from high temperature data there would be a tendency for a difference in form to be compensated for by a small difference, perhaps 1 or 2 %, in r0. To illustrate the effect of decreasing r0 slightly, we find that the BM potential, which contains o'-12, does not rise above 8 until r has reached 2*3 A, or cr is approximately 0-79, and this in spite of a value of e 12 % larger.
In the other direction the form with cr~12 falls off more slowly than either (la ) or (2a), and this is a difference which becomes significant at a low temperature. It means that if the three forms were associated with the same potential constants, the values of B(T) calculated from them would be increasingly negative in the order (2), (1), (3), as a consequence of the increasing attractive potential. Again such differences could be com pensated for by slight changes in the potential constants, as in fact we have tried to do above by a slight modification of er §. The Morse potential with the same a of course falls off more rapidly than any of the others.
The opportunity has been taken to include in table 1 the details of several other potentials which have been suggested by various authors, but which are not used explicitly in these calculations. 8 M and M have both been put forward by Margenau, and are essentially theoretical. The earlier one (SM) was a modification of the Slater-Kirkwood potential which included not only an r~B term, as in (2), but also a term in r~10; this has been allowed for in making an estimate of /?. In M the unusually large value of /? is partly due to the fact that it has been artificially increased to allow for a small exponential term, negative in sign, which should otherwise be included. It is a coincidence that this agrees with the value given for
The value 1*39 for c was deduced by Margenau from the observed spectrum of values, modified to give the correct polarizability. The potential was derived by Hirschfelder, Ewell and Roebuck from the second virial and Joule-Thomson coefficients at relatively high temperatures; the classical formula for B (T ) was used, with an approximate correction for quantum effects. For comparison an earlier potential due to Lennard-Jones is included, also based upon experimental data for B (T ) but for which the classical formula was used without correction.
Although we have carried out detailed calculations for the six potentials S, S', B M , A , B, C sufficient for the purpose in hand, it must be emphasized that the conclusions arrived at about the values of er% and c are not yet satisfactory, because of the inadequacy and lack of self-consistency of the experimental data. However, the theoretical results, and the technique evolved, will be immediately applicable when further sufficient observations of B (T) and ij(T) are completed.
The method of calculating B (T ) and ij(T) has been described in I, and therefore we shall merely restate the formulae as briefly as possible in a slightly different form more suitable to the present purpose. The wave function representing the collision of two helium atoms, each of mass M and with relative kinetic energy E, can be reduced to the sum in which V ( < r ) is the interatomic potential in reduced co-ordinates, and q2 -(4n2M rl{h2) E.
This solution is zero at the origin and behaves asymptotically like sin(g'<r + ££ ), 8l being a constant. It is clear from (9) that dL, besides being a function of L, depends upon q% and the form of rg V(cr); in fact we may write symbolically = M^rlV ),
remembering that when we are dealing with potentials which all have the same form/(cr), the second variable reduces to erg. The temperature may be introduced most naturally by defining a quan tity q0 such that* ql -(4 7T*Mr%/h? (12)
The quantities BT* and r)T~* are expressible in terms of q0 and the con stants 8l . Thus for the second virial coefficient, on the assumption that helium atoms obey Einstein-Bose statistics, we have 
B (T ')(T ')i = B (T ) TK
Similarly, for rj T*. These relations are most useful in interpreting the r of calculations, and we shall return to them shortly.
N umerical results
We are now in a position to present the results of the calculations which have been made. The first and most arduous stage of the work is the deriva tion of the phase constants dL , and table 3 contains those p been obtained directly by solution of equation (9) The phases for S' are taken from paper I. The calculations for S, A , B and C were considerably simplified by the fact that all four potentials were chosen to be identical within the zero of F(r). The functions FL in this region are therefore the same for all of them,, and need to be evaluated once only. As it is a process of trial and error to find the proper function which remains finite as the origin is approached, much labour was avoided by this device. The outward integration was carried out separately for each poten tial, usually from the first point of inflexion, at which each function was properly joined to the common solution.
The effect of the common potential barrier is most noticeable in the d0 phases when q is equal to 6*135. There it is clear that the £0 curves are converging as q increases, whereas the steeper barrier associated with is shown by a more negative value of 80. As q decre negative parts of the potentials soon dominate the phase constants.
From the constants in table 3 were derived the functions and Q'v for the various potentials.* A good deal of interpolation among the s was necessary, particularly as Q' is not a very smooth function, and also some extrapolation in estimating the contributions of 810, etc., for the higher values of q. However, the much more extensive table of phases available for S' was a useful guide in making the extrapolation for the other potentials, and the A and Q' functions are not likely to be seriously in error, even for the highest value of q. The values of BT* and 7)T~* should be much less affected by any error in extrapolation owing to the exponential term in the integrands.
The results of the calculations for the second virial coefficient are shown in the lower half of figure 1, where the full curves represent BT* as a function of ql for the potentials S', A , B M , 8 and The B M curve is taken from the paper of de Boer and Michels (19396); that for 8' has been revised at one or two points since it was first given in I and it is now more regular. A tem perature scale has been added, based upon the relation (12) between q0 and T with r0 equal to 2*945. This is applicable to all the curves except B M , for which r0 is equal to 2*874A and therefore the numbers on the T scale should be increased in the ratio (2*945)2: (2*874)2. The B M curve ceases at about 7°K; 8, A and G continue to 11°K and 8' to beyond 20° K. It must be added that the G curve is only approximate, having been estimated by comparing the values of A for 8 and C.
In calculating B T i , consideration had to be given to the possible existence of discrete states. An indication of this is given by the behaviour of £0 as q tends to zero; the fact that S0 tends to zero for S, B and G shows the absence of any discrete state for these potentials, but for 8' and A it appears to tend to 1t,w hich would correspond to one such state when L is zero. In fact, for these two potentials an energy level was found, the values of q\ being 0*043 and 0*003 for S' and A respectively. For S' the extra term (15) contributes about 12.% of BT* at 1°K and 1*3 % at 7°K; the corresponding figures for A are 1 % and 0*1 %. It is not certain whether B M ,has any discrete state, but q\ would certainly be so small as to be negligible.
We It is necessary to explain the values denoted by g2(max.) in the above table. They represent the values of q2 at which the integrand Q'vq* e~<«/«o)* in formula (16) has its maximum value; they vary a little of course for the different potentials, but the figures given are fairly representative. The peak in the integrand is well defined, and the function falls off quite steeply on either side. It is instructive to make a comparison with the function Ae-teteo)2, which forms the integrand in the formula for BT*. This is most often a function without a well-defined peak, and its value when q is zero is 0 or 1 according to the behaviour of 80. It is, however, possible to define a value of q2 at which A e~^9,qo^ begins to fall sharply, either because of the exponential or because A is changing rapidly from positive to negative, which occurs when q2 is about 15 to 20. For instance, when ql is 3-6 the fall occurs when q2 is about 3*0; when q^ is 7*2 (about 10° K) there is a welldefined peak centred about 3*9. Comparing these with the values of (max.) in table 4 we see that the range of q2 most effective in determining tj(T), at say 2° K, affects B(T) most strongly at a much higher temperature, between 5 and 10° K or even higher. For this reason the values of ?/ and B at the same temperature are far from comparable as regards the influence of the inter atomic potential. More could be added on this point, especially on the relative contributions of d0, d2, etc., but we hope that its bearing on the interpretation of experimental data is clear enough.
Before proceeding to a more detailed discussion of the experimental data it is desirable to call attention to a few general facts about the theoretical results, to illustrate the importance of the potential constants r0 and erg. The dependence of BT* upon erg is well shown by figure 1, for if the curves in relation to the T scale they correspond to potentials with the same r0 but differing erg, neglecting the slight differences which exist in the /(or) functions. At any chosen temperature the values of B T l for the five potentials, when plotted against the corresponding values of erg, give quite a smooth curve, suitable for interpolation. Similarly table 4, in which the potentials are given in order of increasing erg, shows that in general the viscosity increases with erg as one would expect.
The effect of varying the constant r0 of the potential whilst keeping erg unchanged can be shown by an application of the relations (19) and (20) which were deduced at the end of the last section. Thus in figure 2 three potentials are shown, each having the same value of erg as the potential A but with r0 equal to 2*6,2*8 and 3*0 respectively; below are the corresponding curves for BT* plotted as a function o iljT . The variable 1/T has been chosen this time to bring out the close relation between the forms of BT* and the potential. We see how in this range of temperature depends almost entirely on the magnitude of the attractive potential. Figures 1 and 2 indicate the difference in the roles played by r0 and erg, for whereas the depth of the minimum in B T *is more or less determined by erg of the minimum depends mainly on r0.
Similar families of curves might be drawn for rjT^, but as the minimum is absent the relationship with the potential is not so obvious.
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Comparison of theoretical and experimental results
As mentioned already, only two viscosity measurements come within our range of calculation, and these have been given in table 4. Other measure ments have been made at 15° K and above, but even the calculation at 15° would require 8L to be determined for values of q2 at least as far as 100. The extent of the data for the second virial coefficient can be seen from figure 1, in which ar6 shown the results of four sets of measurements. Of these, two fall within our range, namely the three points due to Keesom and Kraak (1935)> an<i the five by Keesom and Walstra (1939). The later measurements appear to be the more satisfactory, as four of the points lie on a line roughly parallel to the theoretical curves, and Keesom and Walstra state that the fifth, at 2-05° K, may be in error by as much as 10 %. To be more precise it is only the earlier results at 2*6 and 3-1° K that one is tempted to regard top of the diagram, and this, as described earlier, is drawn on the sup position that r0 is 2*945 A. As we have as yet no reason to prefer one value of r0 to another, this choice is clearly quite arbitrary and we may at will extend or contract the T scale, with the consequent displacement of the experimental points relative to the theoretical curves. Thus, as q% is pro portional to r \T , an extension of the T scale would correspond to a larger value of r0 and a contraction to a smaller value; in the first case the K W curve would be brought closer to BM in the indeed find values of r0 which would bring K W into partial agreement with either of these two curves, but it would not be a very sensible pro cedure as it means forcing the observed data to conform to a potential with a preconceived value of er%, nor does it give a good fit. It is more reasonable to begin by assuming various r0, and finding for each the value of er\ most likely to accord with K W , by interpolating between the potentials S', A , B M and S.
The method of interpolation is quite simple. The position now is that some additional information must be forth coming if e and r0 are to be determined separately. An obvious solution of the difficulty would be to assume that c* may be given the value 1*39 x 10-12 which was found by Margenau for the first van der Waals coefficient. It is indeed unlikely that c* should deviate far from this value, and as a result fairly close limits are placed upon r0. The following table shows how the potential constants vary if r0 is between 2*90 and 2*96 A:
The low-temperature properties of gaseous helium 121 This gives a clear indication that e*rg is close to 122 x 10-16 erg A2, and r0 is 2*93 A or slightly less. The corresponding value of e* is slightly greater than for de Boer and Michels's potential. It is unfortunate that we have not precise experimental evidence about the position and depth of the minimum in BT*, as that would provide a direct method of estimating erg. The depth of the minimum, it has already been pointed out, depends essentially upon erg, small variations in f(cr) being neglected. Moreover the theoretical data is sufficient to allow an interpolation similar to that already made at points inside the minimum. Whether the position of the minimum can be found experimentally with enough accuracy to do more than confirm an estimate of r0 obtained on other grounds is rather doubtful. In fact, to fix r0 at all precisely it is probably necessary to consider B (T) at the Boyle point and higher tem peratures, unless, as we have done above, one makes use of external evidence for the value of c.
The only guide we have as to the minimum is K eyes's curve, which gives -733 for the minimum value of BT%\ from this we should infer by inter polation that e*rg is about 124*0. Conversely, if e*rg is 122*0 the corre sponding minimum is -710. This is quite good agreement, but without knowing what uncertainty attaches to Keyes's function in this region it is difficult to add any other comment. As a further example we may take the potential M , and judging by the values of c* and erg it seems unlikely that it would lead to a minimum value for of less than -850; within the minimum the BT* curve probably lies slightly below that for S'. This suggests that the attractive part of the potential is exaggerated.
It may be unreasonable to expect exact agreement in the values of e*rg deduced from B T* at the minimum and from observations at lower tem peratures ; for instance it would not be so if the form A which has been adopted were seriously in error. We may recall the similarity in the curves for the potential F(r) and for BT*, shown in figure 2. If, as T decreases, the experi mental curve for J B T *r ises more steeply than the theoretical one which the correct minimum value, then the fault may be that the form f(cr) does not tend to zero rapidly enough. This would show itself in a tendency for the interpolated e*r § to decrease steadily with decreasing temperature of observation. It is doubtful whether the present experimental curve is accurate enough for any tendency of this sort to be considered significant.
This completes the analysis of the results for the second virial coefficient, and if the discussion has been rather detailed it is not because any air of finality surrounds the numerical results but rather that the procedure is one which is easily applied to fresh experimental data as it comes to hand. With regard to the viscosity an exactly similar procedure can be followed if the data is available, but at present we need only draw attention to the fact that the best agreement between theory and experiment appears to be given by potential C of table 1. A glance at figure 1 shows that this is hope lessly at variance with the evidence from B (T). For consistency the ob served tj(T) values should lie between those for potentials A and BM . It may be noted that the magnitude of S2 has a considerable influence on the calculated T )n ear 3° K, as in the region where d0 is small or zero the ma contribution to Q'v comes from S2. As d2 increases sequence 7j(T) becomes smaller.
Between 15 and 30° K good agreement with experiment was obtained in I, using the potential S' . The position is clearly very un there is need of further experiments, particularly between 2 and 15° K.
